Abstract. In recent years, a revised set of solar abundances has led to a discrepancy in the sound-speed profile between helioseismology and theoretical solar models. Conventional solutions require additional mechanisms for energy transport within the Sun. Vincent et al. have recently suggested that dark matter with a momentum or velocity dependent cross section could provide a solution. In this work, we consider three models of dark matter with such cross sections and their effect on the stellar structure. In particular, the three models incorporate dark matter particles interacting through an electromagnetic dipole moment: an electric dipole, a magnetic dipole or an anapole. Each model is implemented in the DarkStec stellar evolution program, which incorporates the effects of dark matter capture and heat transport within the solar interior. We show that dark matter with an anapole moment of ∼ 1 GeV −2 or magnetic dipole moment of ∼ 10 −3 µ p can improve the sound-speed profile, small frequency separations and convective zone radius with respect to the Standard Solar Model. However, the required dipole moments are strongly excluded by direct detection experiments.
Introduction
The problem of dark matter in the universe has led to a major theoretical and observational effort to explain its origin, spanning particle physics, astrophysics and cosmology. The current most popular paradigm is that of a non-relativistic particle with a mass on the order of a GeV, which interacts weakly with Standard Model particles, motivated by the relic abundance of dark matter. However, the search for the particles themselves has proven more elusive. Much of the focus has been on terrestrial direct detection experiments. Some experiments reported some an excess of events such as DAMA [1] , CoGeNT [2] , CRESST-II [3] and CDMS II [4] . Others have provided strong exclusion limits, including XENON10 [5] , XENON100 [6] , COUPP [7] , SIMPLE [8] , LUX [9] , CDMSlite [10] and PandaX-II [11] . To help alleviate the ongoing conflict between these results, it is often illuminating to consider alternate, indirect approaches to detecting dark matter. In particular, the present work will consider using the Sun as a laboratory for testing dark matter physics [12] . The sheer size of the Sun means that, with high precision measurements, very small effects can become observable.
Much of the theoretical framework for solar dark matter was developed during an explosion of work in the late 1980s [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] where it was proposed to provide additional energy transport in the Sun to solve the solar neutrino problem [23, 24] . In particular, Gould and Raffelt [25] [26] [27] [28] [29] developed much of the theoretical framework for solar dark matter studies which remains standard today, including a prescription for the capture rate, evaporation rate, and energy transport.
As the solar neutrino problem involved the observation of a lower than expected flux of neutrinos, an obvious solution was the possibility that the core temperature of the Sun was cooler than predicted by solar models [30] . A cooler core slows the fusion of helium isotopes to 7 Be and 8 B, resulting in a lower flux of their associated neutrinos. Introducing interactions with dark matter provided a mechanism for heat to be transported out of the core of the Sun [15] . Even though the solar neutrino problem was later solved with the discovery of neutrino oscillations [31, 32] , the context of the crisis is necessary to explain the historical development of solar dark matter studies.
Much of the modern description of the solar interior arises from helioseismology, the study of pressure wave propagation through the Sun. In particular, it is possible to predict the speed of the propagation of the waves as a function of the depth of the Sun. As the waves are acoustic, such a quantity is termed the sound-speed profile of the Sun. Importantly, the speed of sound in the Sun is readily predicted independently by theoretical solar models. Early attempts at fitting the data to models seemed to be successful at best [33] [34] [35] [36] [37] .
However, updated spectroscopy of the Sun led to a downwards revision of the solar metal content [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] . The result was crucial for helioseismological fits, as the propagation of acoustic waves is affected not only by the temperature, but the composition of the Sun itself [49] [50] [51] [52] [53] . The reduction in metallicity meant that the Standard Solar Models could no longer reproduce the results of helioseismological data within error [54] . Further revisions have led to a slight remediation of the errors [45, 55, 56] , but a significant discrepancy remains [57] . Other observables also cause tension with the Standard Solar Model, in particular the radius of the convection zone R cz [49] and the surface helium abundance Y s [55, 56, 58] .
Dark matter is a proposed solution to alleviate the tension that has arisen in the soundspeed profile of the Sun. The theory is conceptually simple, though has proven difficult to implement correctly in practice. Suppose that dark matter is present in the Sun, and it interacts sufficiently weakly so as not to disrupt other observables. Collisions between dark matter and atomic nuclei can provide a means of energy transfer, subject to two limiting cases. If the interaction strength is sufficiently strong, dark matter particles are in local thermal equilibrium with the surrounding material, providing additional heat transport via conduction [27] . If the interaction is too strong, then the larger number of collisions means that the energy can only be transported a short distance. If the interaction strength is weaker, then the mean-free path can be sufficiently large to provide energy transport across different regions of the solar interior [29] .
Early investigations relating dark matter to helioseismology focussed on constant cross section spin-independent models of heavy mass (30 GeV − 100 GeV). For the selected mass range, there was little to no modification to the sound speed profile [59] . Results were shown to be dependent on the strength of the interaction. Effects start to become larger as the cross section approaches the transition between local and non-local transport, where the total luminosity transported approaches a maximum [60, 61] .
More recent developments have led to a resurgence of interest in solar dark matter in the literature. Models with lighter dark matter particles (1 GeV − 10 GeV) have been shown to induce drastic changes to the solar profile [62, 63] . While their introduction reduces the tension near the border of the radiative and convective zones, the energy transport in the centre of the Sun is considerable. The difference between models and observations near the core increases drastically, implying a core that is much colder for the models than expected; a result heavily constrained by the measurements of neutrino fluxes. Inserting dark matter with a constant, spin-independent cross section into the Sun did not appear to resolve the problems with the sound-speed profile.
A series of recent works by Vincent et. al. [64] [65] [66] [67] appears to have reconciled the sound-speed profile at the edge of the radiative zone without significantly disrupting the core of the Sun. Their solution was to use dark matter with a generalised momentum or velocity dependent cross section. By doing so, the mean cross section becomes a function of the radius of the Sun. However, ref. [66, 67] only considers general momentum or velocity dependence, not specific dark matter models. This work seeks to look further by considering three different models of momentum or velocity dependent dark matter, and investigating the resultant behaviour in the Sun. The three models considered involve the dark matter particle interacting electromagnetically, through interactions via a dipole moment. Each of these contains unique momentum and velocity dependent properties, and may provide a potential solution to the problems arising from helioseismology. Firstly, each model will be introduced, highlighting their properties, behaviour and current experimental bounds. Then, we develop the theoretical ingredients for modelling the effect of electromagnetic dipole dark matter within the star. Two of the three models require development of non-trivial combinations of functional forms considered in earlier works. Finally, full simulations for the Sun are conducted with electromagnetic dipole dark matter using the DarkStec package [66] .
Electromagnetic dipole dark matter
We consider three models of electromagnetic dipole dark matter: electric dipole (ED), magnetic dipole (MD) and anapole (AN) dark matter. In each model, the dark matter particles posess their eponymous electromagnetic form factor and the principal interaction with baryonic matter is via the electromagnetic force. All of the models have been developed extensively in the literature in varying contexts [68] [69] [70] [71] [72] [73] [74] [75] [76] [77] [78] [79] [80] [81] [82] [83] [84] [85] . Each has unique momentum and/or velocity dependence in the cross section for a dark matter particle scattering from a nucleus. The momentum dependence arises principally because the interaction is mediated by a massless photon, rather than a massive boson, and so the denominator of the propagator is q 2 instead of q 2 + m 2 m 2 . Further momentum-dependent terms originate due to the magnetic form factor of the nucleus, and the operator describing the interaction. One model, the magnetic dipole, has been investigated before in the context of solar physics [86] . However, the formalism used does not correctly account for the energy transport at the transition between local thermal equilibrium and Knusden transport, where dark matter effects are strongest [66, 67] . The effect of electric dipole or anapole dark matter in the Sun has not been examined before.
Each of the dipole moments may be described by a parity-violating interaction term in the Lagrangian of the theory. For the electric dipole the interaction Lagrangian is:
whereas for the magnetic dipole:
and for the anapole:
where χ is a spinor describing the dark matter particle, F µν is the electromagnetic field strength tensor, and D, µ χ and g Λ 2 are the electric, magnetic and anapole moments of the dark matter particle respectively [70, 80] . In the non-relativistic limit, the interaction term reduces to a coupling between the particles' spin and an electric field, magnetic field or electromagnetic current respectively [74, 79] .
For each of these models, it is possible to construct the differential cross section for dipole moment dark matter scattering from a nucleus via photon exchange. For the electric dipole,
for the magnetic dipole,
(2.5) and for the anapole,
(2.6) where Ze is the charge of the nucleus, v is the incoming velocity of the dark matter particle in the lab frame, m N is the nucleus mass, m χ is the dark matter mass, m p is the proton mass, M χ,N is the dark matter-nucleus reduced mass, I N is the nucleus spin, µ N is the nucleus magnetic moment, µ p is the nuclear magneton and E R = q 2 2m N is the recoil energy for momentum transfer q and e 2 = 4πα [74, 77, 80] . The expressions also contain electric and magnetic form factors F E and F M , which parametrise the distributions of charge and current in the nucleus. For the present investigation, the form factors are assumed to be Gaussian [87] , following ref. [66, 67] 
where E 0 = 3 2m N r 2 for nuclear radius r, determined empirically as r = (0.3 + 0.89A 3 ) fm for mass number A. It forms a simplified parametrisation of the electric charge and magnetic current distributions within the nucleus. Although it has recently been shown [88] that modifications to the form factor may affect the capture rate of dark matter particles, it is worth noting in advance that for most of the regions of interest, the capture rate is saturated, making the result independent of the form factor. For the transport of dark matter particles within the Sun, it is assumed that the collisions are of sufficiently low velocity such that the particles can effectively be treated as point particles, as justified by ref. [64, 66, 67] .
The permissible range for electromagnetic dipole dark matter in the dipole momentmass parameter space has been narrowed significantly through experimental searches. In particular, dark matter direct detection experiments are often the most effective at providing constraints [68-75, 77-80, 83] . Whereas earlier investigations suggested that electromagnetic dipole dark matter may provide an explanation for the DAMA [1] annual modulation [e.g. 70] , more recent data from LUX [89] appears to rule it out as a solution [e.g. 83] . Further constraints can be derived from collider [76, 78, 81, 82, 84] and beam dump experiments [85] . The compilation of all of the experimental bounds provides order of magnitude limits on the dipole moments as D < 10 −21 e -cm [70] , µ χ < 10 −4 µ p [77, 80] and g Λ 2 < 10 −4 GeV −2 [80] . Note however, that the bounds on low mass (< 5 GeV) dark matter particles may be more relaxed, due to the finite threshold of direct detection experiments.
Theory of dark matter in the Sun
Given a particular model of dark matter, the next step is to construct a theoretical formalism to account for the effect of the particles on the structure of the Sun. There are two quantities to consider, assuming that the ratio of dark matter particles to baryons is small and the dark matter is asymmetric: the population of particles in the Sun, and the energy transport due to those particles. The energy transport describes the changes in temperature between different regions of the Sun. However, the amount of energy transported depends on the number of particles within the Sun; more particles means more energy transport. Both are dependent on the properties of the dark matter model being investigated, and so both are considered in turn.
Population of dark matter particles in the Sun
The number of dark matter particles N in the Sun is governed by a simple differential equation
where C(t) is the rate at which the Sun captures dark matter particles, A(t) is the rate at which dark matter particles annihilate, and E(t) is the evaporation rate of dark matter particles [66] . The equation reflects the three modes by which the population of dark matter particles may be changed. The most prominent mode is the capture of particles from the galactic halo. The dark matter in the galaxy is assumed to exist as distinct particles moving within some velocity distribution. As the particles in the distribution approach the Sun, they experience a gravitational attraction focusing them towards the solar disk. The particles may then scatter from a nucleus inside the Sun. If the particle loses enough energy it is considered gravitationally bound. A full, mathematical description is presented below. The second process that affects the population of dark matter particles is annihilation. If the dark matter particle is self-conjugate (for example, a Majorana fermion), it will selfannihilate. The self-annihilation will significantly reduce the population of particles. For the electric and magnetic dipole models, we avoid this complication automatically, since the interactions in eqs. (2.1) and (2.2) vanish exactly for Majorana fermions. Indeed, the anapole is the only allowed electromagnetic form factor allowed for Majorana fermions.
Even if the dark matter is not self-conjugate, any significant proportion of antiparticles will suppress the total dark matter population in the Sun, and thus reduce the impact of conduction. To maximise the effect of dark matter in our model, we assume that it is asymmetric [65] [66] [67] [90] [91] [92] . That is, self-annihilations are suppressed such that A(t) 0. The assumption is not strictly required, because if dark matter and its antiparticle have different cross sections, then symmetric dark matter may still be captured in large quantities [92] .
Finally, the population of dark matter particles may be depleted through evaporation. Evaporation occurs when a particle scatters to acquire a velocity greater than the local escape velocity of the Sun. Such an occurrence is relatively rare, and requires a significant increase in momentum. The typical velocity for a dark matter particle in the Sun is on the order of 100 km s −1 , whereas the escape velocity can approach 1400 km s −1 [66] . The evaporation rate has been calculated analytically in refs. [25, 28] . If the mass of the dark matter particle is greater than the threshold 'evaporation mass', then the particle loss will be largely suppressed. Preliminary results from an upcoming work [93] suggest that, for momentum dependent dark matter analogous to the electric dipole model, the evaporation mass is at most ∼ 4 GeV. For simulations with greater dark matter masses, we can safely ignore the evaporation terms in eq. (3.1). However, the magnitude of any modification to the solar structure by dark matter for masses less than ∼ 4 GeV is expected to be reduced for most of the models considered here. We tentatively include models at m χ = 3 GeV, with the provision that the results should be treated with caution. The full calculation of the evaporation rates are expected to be presented in future works.
The capture rate of dark matter particles is the only component of eq. (3.1) that requires explicit evaluation. The expression for the capture rate was calculated for constant-cross section dark matter by ref. [26] , and is straightforward to generalise to dark matter with momentum and velocity dependence, as for each of the electromagnetic dipole models [66, 67] .
Consider dark matter particles moving in the galactic halo with velocity u. The probability that the particle has a velocity in the range u + du is given by f (u)du for some probability distribution f (u). Typically, f (u) is taken to be a Maxwell-Boltzmann distribution. In the solar rest frame, which moves with velocity u = 220 km s −1 with respect to the galactic rest frame, the distribution is given by [94] f (u) = 3 2
where m χ is the mass of the dark matter particle, ρ χ = 0.38 GeV/cm 3 is the local dark matter density and u 0 = 270 km s −1 is taken as the velocity dispersion. The capture rate of dark matter particles with differential cross section dσ dE R is given by [26] 
where w(r) = u 2 + v 2 esc (r, t) is the velocity of the particle as it falls into the gravitational potential well of the Sun for escape velocity v esc (r, t). The local rate of particle capture Ω(w) is given by
with µ = mχ m N and µ ± = µ±1 2 , and the sum is over the nuclear species i with number density n i at radius r. The lower bound on the integration is a requirement that the velocity of the dark matter particle after the collision be smaller than the local escape velocity of the Sun. The upper bound is a kinematic constraint which describes the maximum possible recoil energy. The differential cross section dσ dE R is integrated numerically for each of the cross sections discussed in eqs. (2.4-2.6).
There is one final element of the capture rate calculation. There exists a maximum possible capture rate that corresponds to the case where the total cross section is equal to the cross sectional area of the Sun (σ = πR 2 ). In this limit, all particles that collide with the Sun from the halo are captured, and the Sun becomes opaque to dark matter [63] . The saturation limit is independent of the model chosen, and can therefore be calculated analytically [66] :
The total capture rate is then the lesser of eqs. (3.3) and (3.5).
The cross sections for the electric, magnetic and anapole models, given in eqs. (2.4), (2.5) and (2.6) respectively, have a dependence on the recoil energy and the incoming velocity. The capture rates for each model are then calculated by inserting these cross sections into eq. (3.4).
Because the capture rate is dependent on the elemental density n at each time-step and radius, a fair comparison of the capture rates requires a complete model of the Sun. Figure 1 compares solar-age capture rates of the AGSS09ph [45, 55] standard solar model (SSM) for different parameter combinations in the three electromagnetic models and one constant, spin-independent model. Models with a large capture rate appear red or black, and models with a small capture rate appear yellow or white. The cut-off from eq. (3.5) is shown as a blue line, found by a few steps of a Newton-Raphson iteration. Models above the blue line are saturated, models below are not. The effect of the geometric cut-off is clear; for each model the capture rate increases significantly with the coupling strength until it reaches the cut-off (which is dependent on the mass of the particle), where it plateaus to a constant value. Above the cut-off, it is a weak function of the mass of the particle.
Energy transport
The dark matter density and luminosity as a function of radius within the Sun provide a description of the transport of energy due to dark matter particles. These two variables describe the full effect on solar observables and are therefore critical to calculate. The theoretical framework for the transport equations is extensively developed in refs. [27, 64, 67] . After much calculation, the distribution of dark matter in the Sun in the limit of local thermal equilibrium is is given by [27] 
where k B is the Boltzmann constant, T (r) is the temperature of the star, φ(r) is the gravitational potential within the star and α is the thermal diffusivity coefficient. The factors of n χ (0) and T (0) are the density and temperature in the core of the Sun, which normalise the total expression. The two terms in the exponential describe two physical processes holding the distribution in place. The dφ dr term describes the gravitational pull of the Sun on the dark matter. The dT dr term has the opposite sign and describes the effect of conduction in the local thermal equilibrium limit on the distribution of dark matter within the star.
The luminosity carried by dark matter scattering can be shown to be [27] 
where
is the mean free path of the dark matter particles. Here, the amount of energy carried is parametrised by κ, the dimensionless thermal conductivity. Both α and κ are dependent on the model for dark matter-nucleon interactions. Therefore, computing n χ and L χ becomes an exercise in calculating α and κ. The thermal conductivity can be calculated from the first order expansion of a Boltzmann collision equation in the phase space distribution F as [27, 64] 
with the Dirac notation defined as
normalised velocities as x = v/ v T , y = u/ v T for incoming velocity v, outgoing velocity u
is the j, m spherical harmonics of the normalised phase space distribution expanded to the νth order about the parameter l χ (r) |∇ ln T (r)| 1 (which imposes that the inter-scattering distance is smaller than the length scale of temperature change):
In particular, f
is the non-interacting isotropic Maxwell-Boltzmann velocity distribution and f 1,0 1 characterises the heat conduction through the presence of a dipole term. The collision operator C between the DM particle and a given nuclear species is defined as
In a similar manner, the thermal conductivity is defined by 12) which is related to the conductivity by
α and κ depend only on the ratio µ = mχ m N . They can be generalized to multiple nuclear species via:
and
where σ i is the total, thermally averaged cross section for scattering from the ith nuclear species with number density n i , and µ = m χ /m N is the mass ratio for nuclear mass m N . Eqs. (3.6) and (3.7) provide a formalism for computing the transport due to dark matter in the Sun. The nature of the transport is governed by the parameters α i and κ i in eq. (3.14) and eq. (3.15). Therefore, to compute the effect of dipole moment dark matter, it is necessary to compute α i and κ i for each model.
Knusden vs. LTE Transport
The derivations of eq. (3.6-3.7) assume that the dark matter is in local thermal equilibrium with the surrounding material of the star. However, this approximation can break down when the mean free path of the interaction l χ r χ , where r χ is defined as the scale height
When this condition is violated, the energy transfer shifts to the Knusden regime. Here, the particles essentially travel beyond the temperature scale height, and heat transport becomes non-local. The luminosity must therefore be modified to account for non-local interactions. An empirical correction gives the corrected luminosity as
for L χ defined in eq. (3.7) [59, 94] . Similarly, the dark matter distribution is modified as
for n χ,LTE from eq. (3.6) and 19) where N (t) is the total number of dark matter particles. The parameters f(K) and h(r, t) are defined as
for K = lχ rχ and empirically determined constants K 0 = 0.4 and τ = 0.5 [29] .
Energy transport due to electric dipole dark matter
The simplest case is the electric dipole moment, for which the cross section eq. (2.4) is only dependent on q −2 :
The thermal parameters for the q −2 dependent cross sections have already been determined by ref. [64] . There, a generalised cross section is introduced:
Hence, we set σ 0 = Z 2 e 2 D 2 4π
and q 0 = M χ,N and compute directly from the tables in ref. [64] . However, an issue arises for the case where θ CM → 0, as the differential cross section diverges. To regulate the divergence, as in ref. [64] we use the momentum transfer cross section, defined by [95, 96] dσ
The use of the momentum transfer cross section is justified since the divergence only occurs for forward scattering, which for elastic scattering corresponds to no momentum transferred. Energy transport can only occur if momentum is transferred. The momentum transfer cross section removes the forward scattering, leaving behind the components which do transfer energy. The thermally averaged cross section for electric dipole dark matter is
Energy transport due to magnetic dipole dark matter
The magnetic dipole cross section in eq. (2.5) is necessarily more complicated than the electric dipole case; there is a v 2 q −2 + constant dependence. Neither the mixed term v 2 q −2 nor the combination of two terms is tabulated in refs. [27, 64] . Combining two terms is non-trivial due to the inverse procedure to find C −1 for eq. (3.8). Therefore, it is necessary to compute new tables for α and κ for the magnetic dipole moment. In order to calculate α, an explicit expression for C is required. By eq. (3.11), there are two components, C out and C in . C out is relatively straightforward to calculate, and is given by 26) where the thermal velocity distribution of the nuclei is are dimensionless velocities defined about the thermal velocity v T . Note thatσ tot is the total dimensionless cross section, defined such thatσ tot (v T ) = 1. C in is more complicated:
where Θ is a Heaviside step function and P jσ represents the angle-averaged product of the normalised differential cross section and the jth Legendre polynomial, expanded around the transverse scattering angles in the lab frame [27] . To first order,
and the cross section is evaluated at v rel = (1 + µ)bv T and cos θ = A + B cos φ [64] . Given the cross section from eq. (2.5)
where the form factors are neglected as the momentum transfer is small, the angle-averaged Legendre Polynomial is
where S is defined as
which arises only if the scattering target has a non-zero magnetic dipole moment µ N . The non-trivial values of S used in our simulations are:
(3.36a)
Nitrogen-14:
(3.36b) Sodium-23:
(3.36c) Aluminium-27: S Al 27 = 7.330418
The magnetic dipoles for each element are taken from the tabulated and collated results of ref. [97] . Note that the magnetic dipole also requires the use of the momentum transfer cross section to regulate the forward scattering divergence, in a similar manner to the electric dipole moment. Finally, the thermally averaged cross section for magnetic dipole dark matter is
Energy transport due to anapole dark matter
The anapole moment cross section in eq. (2.6) presents a similar problem to the magnetic dipole moment. Here, the dependence is q 2 + v 2 , which means that there is a non-trivial combination of two terms for C −1 . Therefore, the values of α and κ need to be retabulated for this case as well. Given the cross section from eq. (2.6),
the angle averaged Legendre polynomial is
with
as in ref. [64] . Lastly, the thermally averaged cross section is 
Tabulation of diffusivity and conductivity coefficients
Using the definitions of C in and C out in Eqs. (3.26) and (3.28) , it is possible to calculate α and κ using Eqs. (3.8) and (3.12) respectively. In order to compute these values, we discretise the lower order spherical harmonics of the phase space distribution f 0,0 0 as a 500 element vector of the normalised velocity distribution, with velocities ranging from y = 0 to y = 5, i.e. five times the average thermal velocity of the Sun. The collision operator C is then formed as a 500 × 500 element matrix, which is explicitly inverted to find α. The collision operator, combined with α, then may be used to calculate the first order spherical harmonics of the phase space distribution f 1,0 1 using the eq. 3.13. From here, a value for κ may be obtained from eq. (3.12). Dimensions can then be re-inserted using Eqs. (3.14) and (3.15). We calculate for a range of the mass ratio µ of 10 −2 to 10 2 .
The result of the calculations is a tabulation of α and κ as a function of the mass ratio µ. For the electric dipole moment, this table is identical to ref. [64] . For the magnetic dipole moment and anapole moment, the tabulation is new. The thermal cross sections for the magnetic dipole and anapole moments contain a term S which only appears if the nucleus has non-zero spin. Thus, for the four elements with non-zero spin tracked in our simulations, a separate table must be produced as each element produces a different value of S. The values of α(µ) and κ(µ) are plotted in figure 2 .
The values of α and κ may be compared between the electromagnetic dipole models and the standard constant cross section, spin-independent case. For the electric dipole moment, α is enhanced relative to the spin independent case for small µ, whereas for large µ, κ is greatly enhanced. Therefore, for small masses, the distribution is spread, with less momentum transfer; but for large masses the distribution is more compact, with more momentum transfer. The behaviour arises due to the q −2 dependence in the electric dipole cross section. The q −2 component derives from the photon propagator, and is a signature of electromagnetic theories. It does not appear in the standard 4-point spin-independent contact interaction, where the new heavy mediator that has been integrated out is implicitly assumed to have a mass much larger than the transferred momentum.
For the magnetic dipole moment, the diffusivity α shows only minimal deviation from the constant cross section, spin independent model. Because the magnetic dipole cross section contains no velocity-dependence, the result is hardly surprising. Similarly for the conductivity κ, there is minimal variation from the constant case for small µ. For larger µ, κ decreases, indicating a suppression in energy transport. In this region, the second term in eq. (3.34) becomes non-negligible. The term arises from the angular dependence of the magnetic dipole cross section. When there is angular dependence, not all collisions transfer the full potential amount of momentum. Thus, on average less energy can be transferred for each collision. The angular dependence in the magnetic dipole cross section arises from the requirement that the dark matter particle should have a component of its spin parallel to the incoming momentum of a nucleus for maximal interaction with the magnetic field. The velocity dependence in the Lorentz force is partially cancelled by the momentum dependence of the photon propagator. For lighter masses, the momentum transfer cross section is dominated by the electric field induced by the changing magnetic field that is the motion of the dipole. The electric field component has no angular dependence and so the total energy transferred is greater for light masses.
For the anapole interaction, there is a significant suppression of α for small values of µ, while there is a suppression of κ for large values of µ. As expected, the behaviour very closely follows both the generalised q 2 and v 2 cross sections analysed by ref. [64] . Velocity and momentum-dependent terms with positive powers result in an increase in the collision operator, as the difference between the centre of momentum frame, where the evaluation occurs, and the frame of the Sun is greater. So, for low masses, the distribution of dark matter will be very compact, as there will be little outward diffusivity along the temperature gradient of the star. The greater cross section, and hence collision rate, for larger masses means that the particles cannot travel as far before their energy is lost, resulting in a lowering of the thermal conductivity κ. The reasoning applies as the calculations are made in the local thermal equilibrium limit.
The dependence of the conduction coefficients on the value of S is shown in the middle and lower plots for the magnetic and anapole moments respectively. The effect of the spinrelated term has a minimal effect on the distribution of dark matter particles within the Sun, described by the diffusivity α. When the spin term is included for the magnetic dipole, the values for κ decrease, related to the size of S in eq. (3.36), in the range around µ = 1. The implication is a marginal reduction in the efficiency of heat transport. The contrary is true for the anapole: the introduction of the spin term causes a marginal increase in energy transport, since more of the normalised cross section in eq. (3.39) is weighted towards the velocity-dependent scattering. The result is a smaller effect of the angular dependence. Note that the q 2 -dependent terms in eq. (3.38) have opposite signs.
Effectiveness of energy transport
To facilitate discussion on the effectiveness or otherwise of each model at transporting energy via dark matter, the rate of energy transported per unit mass can be defined as
where ρ(r) is the radial density profile of the Sun, and L χ is defined in eq. (3.7). The average rate of energy transport is then given by
for a spherically symmetric star. The average rate of energy transfer for each model considered in the present investigation is plotted in figure 3 , for a Sun-like star at an age of 4.57 Gyr based on the AGSS09ph model [45] . There are multiple factors influencing the regions of the parameter space that have a high energy transport rate. For each model, there exists a narrow range of coupling strengths where the transport is maximised. The energy transported drops off by several orders of magnitude above and below each band. The region above the band is that of local thermal equilibrium; the dark matter particles are at the same temperature as the surrounding material. In this regime, a decreasing interaction strength actually increases the energy transported. Models with a high interaction strength collide more frequently and so the change in energy over long distances is diminished. Contrastingly, below the band is the Knusden regime [29] , where the particles travel long distances without interaction. Here, the mean free path is much larger than the scale factor defined in eq. (3.16), and particles may pass through the Sun multiple times before scattering. The overall result is a region of transition between Knusden transport and local thermal equilibrium, which corresponds to the largest possible energy transport. Another observation is the relationship between the energy transport and capture rate. The luminosity in eq. (3.7) is directly proportional to the dark matternumber of particles in the Sun. So when the capture rate is below the saturation value, the total energy transport also decreases. To aid comparison, the saturation cut-off for each model is plotted in blue in figure 3 . In the spin-independent and magnetic dipole cases, the cut-off occurs at or near the maximum of the energy transport. The implication is that the unsaturated models suppress the transition to Knusden transport, in part or entirely. Contrastingly, for the electric dipole and anapole, the cut-off occurs well clear from the transition, meaning almost all electric dipole and anapole models of interest will occur at saturated values of the capture rate.
Having now developed the required theory for capture and energy transport, the effects on the Sun may be evaluated computationally. The total capture rate in eq. (3.3) and luminosity transfer in eq. (3.7) are sufficient to describe the alterations to the solar models. Both have a dependence on the elemental composition of the Sun, and so both are a function of the age of the Sun. Therefore, a complete calculation requires the evolution through the entire history of the Sun, starting from a protostar and ending at the present day.
Simulations

Numerical code
We simulate dark matter within the Sun using a modified version of the DarkStec code [65] [66] [67] . The DarkStec code is an amalgamation of GARSTEC (Garching Stellar Evolution code) and DarkStars. GARSTEC is directly descended from the Kippenhahn [98] code and has been continuously developed by various authors [56, [99] [100] [101] [102] [103] . DarkStars has itself evolved from the STARS evolution code [104] [105] [106] [107] , modified to incorporate dark matter physics from DarkSUSY [94, [108] [109] [110] [111] [112] . The inputs, evolution and convergence of the DarkStec code are described in ref. [66] .
We calculate five different models: one for each of the three electromagnetic dipole moments outlined in chapter 2, one model with dark matter with a constant, spin-independent cross section, and one without any dark matter at all. For the first four cases, a solar model is simulated on a grid of points in the parameter space, which comprises of the dark matter mass m χ and the coupling strength parameter D, µ χ , g Λ 2 or σ 0 , depending on the model. The masses were selected between 3 GeV and 30 GeV. For masses below ∼ 4 GeV, evaporation of dark matter may become significant, so the results should be treated with caution until a full evaporation calculation can be implemented [93] . The range of parameter space for the coupling strength was motivated by current observational bounds. Initial runs were taken at coarsely selected parameter points, allowing for a relatively quick scan over the parameter space of interest. For the regions in the parameter space which showed promising or unusual results, a higher resolution of simulations was selected. If no region of the parameter space showed any interesting result, the bounds of the grid were widened. This was the case for the electric dipole and anapole models.
Calibration of solar models
Solar models computed in this work are evolutionary models calibrated to the minimal set of present-day observables: the solar luminosity L = 3.8418 × 10 33 erg s −1 , the solar radius R = 6.9598 × 10 10 cm and the surface photospheric metal to hydrogen ratio (Z/X) = 0.0181 [45] . The solar model starts as a pre-main sequence, fully mixed, 1M star and its evolution is followed up to the solar system age τ = 4.57 Gyr. At this stage, a successful solar model has to satisfy the constraints above to better than a part in 10 4 . In order to achieve this, a set of three free parameters in the model is adjusted iteratively by means of a Newton-Raphson scheme. The adjustable, or calibration, parameters are: the initial helium abundance (Y ini ) and metallicity (Z ini ) of the models and the mixing length parameter α MLT , associated with the efficiency of convection.
Solar observables
Once a simulation has been completed, it must be compared with observations to determine its viability. From here, the goodness of fit can be determined. There are several observables available that show moderate to severe discrepancies from the Standard Solar Model [56, 66, 67] . Not all observables are necessarily independent, nor provide a complete description of the fit to the Sun.
Solar neutrino fluxes
One class of tight constraints on the solar model is provided by the observed solar neutrino fluxes. Most neutrinos are emitted through protons fusing into deuterium via the process Be neutrino flux to the measured value φ Be,obs = 4.82 × 10 9 cm −2 s −1 for spin independent dark matter (top left), electric dipole dark matter (top right), magnetic dipole dark matter (bottom left) and anapole dark matter (bottom right). The expected value is 1. The white contours show the regions where the flux is 1σ above/below the expected value . Simulations in the grey regions did not converge.
However, a small fraction are emitted through higher order processes, notably 7 Be + e − → 7 Li + ν e and 8 B →
8
Be + e + + ν e . The neutrinos produced in these reactions characteristically have higher energies, and may be distinguished from neutrinos from proton fusion in detection experiments. They also have a sufficiently high flux at Earth and appropriate spectrum to be measured relatively precisely. An aggregation of results gives the flux of neutrinos from Be as φ Be,obs = 4.80 × 10 9 cm −2 s −1 , with observational errors of 5% and 13% respectively [113, 114] . There is an additional error due to the modelling effects, estimated to be ∼ 14% and ∼ 7% respectively [66, 67] .
The rates of these reactions, especially where T c is the core temperature [115, 116] . Any fit to the neutrino fluxes is therefore very sensitive to changes in the core temperature. As the objective of incorporating dark matter into the solar model is to provide additional energy transport, the model must ensure that the core temperature is not substantially affected. figure 3 . There is a clear correlation between the regions of significant energy transfer (dark regions in figure 3 ) and the regions of reduced neutrino flux (blue regions in figures 4 and 5). Because the peak energy transport in the spin-independent model is broadly smeared over the chosen parameter space, there is a correspondingly sizeable region where neutrino fluxes are reduced. Interestingly, the flux falls off rapidly for the electric dipole over a relatively small range to a relatively wide-band of non-convergence.
Helioseismology
Helioseismology, in particular the sound-speed profile, has provided an unprecedented probe of the inner structure of the Sun. Surface oscillations of the Sun as measured by Doppler movements give the amplitude and frequency of a variety of modes of pressure waves. The identification of large numbers of modes provides an accurate description of the medium within which the waves propagate, in this case the solar interior. The commonly presented measure, obtained from inversions of helioseismological data, is the sound-speed profile: the speed at which waves propagate through the Sun as a function of the internal radius. It is possible to compare the speed inferred from inversions of helioseismic measurements to the predicted values from solar models. The sound speed profile is dependent on both the temperature and the mean molecular weight in the Sun.
Early solar models [e.g. 34, 117] suggested moderate agreement with the observed sound speed profile [118] . However, more recent heavy-element abundances in the Sun are lower by nearly a factor of two [38-48, 119, 120] . This is in part due to the advent of new threedimensional hydrodynamic models of the photosphere, but mostly due to big improvements in the treatment of departures from local thermodynamic equilibrium in atomic level populations giving rise to absorption lines [e.g. [121] [122] [123] [124] , and in the fundamentals of spectroscopy: atomic data, line selection and equivalent widths. Alternative, higher, abundances have been advocated on the basis of other 3D models [125] and measurements of the solar wind [126] . These have however been debunked on the basis of their spectroscopic fundamentals [46] [47] [48] and neglected fractionation effects [57] , respectively, and their results have not been adopted by the astrophysical community.
However, solar models computed with the updated surface composition [e.g. 45, 55, 56] generally do not agree with helioseismological observations. Near the core of the Sun (R ∼ 0.2R ), models predict a sound speed larger than observed, while in the range 0.2 R 0.7 this is inverted. To a very good approximation c 2 scales as T /µ, where µ is the mean molecular weight. A suitable modification to the temperature profile due to an additional energy transport mechanism, accompanied by the associated changes to µ in order to satisfy the constraints imposed on the solar models by L , might push the models closer to the observations. If the AGSS09ph abundances [45, 55, 56] are appropriate even in the core, there is a strong implication for some mechanism for transporting energy from the core to the radiative zone, in order to push the models closer to the observations.
In the present analysis, the simulated sound-speed profile generated by DarkStec is compared to the helioseismological inversions presented in ref. [127] . The errors arise from two sources; the errors from modelling are taken from ref. [66] , and the errors from the inversions are taken from ref. [128] . Both errors are added in quadrature. An effective χ 2 value is defined as [66] 
. The data are sampled at 5 equally-spaced points r i between R = 0.1R and R = 0.67R . They are not sampled at more points in order to maintain the approximation of statistical independence. Helioseismological values from inversions at radii less than this range are rather uncertain. Note that the sound-speed profile is not necessarily statistically independent from the frequency separation ratios defined in the next section, and hence the likelihoods of the two sets of observables should note be directly combined. Figure 6 shows the calculated χ 2 cs from eq. (4.1) for each of the simulated models. The darker red regions correspond to better fits to the sound-speed profile. Most of the regions that show an improvement are the same regions that show significant decreases in neutrino fluxes in figures 4 and 5, since both phenomena are due to the temperature of the core being reduced.
Having calculated the likelihood, it is possible to compare the sound-speed profile for the model with dark matter with the best fit to that without. The sound-speed profiles for the models of best fit are shown in figure 7 . It is possible to discriminate the features of good or poor fits. All best fits occur at light masses, the regime where evaporation effects may become significant. The spin-independent, magnetic dipole and anapole fits do show some remediation of the tension at the base of the convective zone, R ∼ 0.6R . But all are characterised by an increasing speed of sound near the core of the Sun. Even though the profile in the inner regions is still within the helioseismological errors, the result is heavily constrained by the neutrino flux. Introducing dark matter can reduce the predicted neutrino flux by up to 35% warranting caution in the results. The similarity between the magnetic dipole, anapole and spin-independent models can be explained by the fact that, for low masses, the thermal conductivities κ are almost identical (see figure 2) . However, the thermal diffusivity differs significantly between the anapole and other models, indicating that the distribution of dark matter for the anapole is more compact. The results suggest that the conductivity κ can have a more pronounced effect on the sound-speed profile than the diffusivity α. It is interesting to note that the finer resolution of points in the parameter space investigated here has found better fits to both the spin-independent and magnetic dipole models than the best fits presented for the same models elsewhere in the literature [62, 86] , due to the improved model of energy transport [66, 67] .
Frequency separation ratios
Uncertainties of the sound speed profile are large near the core of the sun, and the region can be better probed by the so-called frequency separation ratios, which are not dependent on the solar surface as described by solar models [130] . These ratios are sensitive to changes [129] . The error bars correspond to observational and modelling error [66] . Below each figure are the residuals with respect to BiSON data, in units of the total error.
in the solar core, while remaining largely independent of systematic errors found in sound speed inversions [129, 131] . The two ratios are calculated using
and ∆ l (n) = ν n,l − ν n−1,l . Figure 8 shows the simulated models which best fit the small-frequency ratios r 02 and r 13 observed by the BiSON experiment [129, 131] . Dipole moment dark matter can significantly improve the fit to observation, with respect to the SSM. The overall fit is quantified by the combined chi-squared χ 2 r 02 + χ 2 r 13 , where
. (4.4) Figure 9 shows the combined χ 2 r 02 + χ 2 r 13 for each of the simulated models. The parameters which best fit the frequency separations are not necessarily the same parameters which form the best fit to the sound speed profile, but in general the regions of improvement overlap.
Depth of the convection zone
The depth of the convection zone R cz is an observable that describes the boundary between two different mechanisms of heat transfer, known as the tachocline. It therefore has important implications for the structure of the Sun [132] . The depth of the convection zone is also significant as it delineates the region of the Sun where convective mixing homogenises the chemical composition [133] . R cz can be determined precisely because it is the depth at which the temperature gradient reaches the adiabatic value and convection sets in, leading to a discontinuity in the second derivative of the temperature with radius. The localised variation of the thermal properties of the Sun introduces a signal in the oscillation pattern that allows for accurate extraction of R cz .
R cz is determined by calculating the discontinuity in the temperature gradient inferred from the sound-speed profile (see section 4.3.2). The measured value is calculated to be R cz = (0.713 ± 0.001)R [49, [133] [134] [135] , but models currently suggest a ∼ 3σ overestimate.
The ratio of the predicted to the measured convective zone depth is shown in figure 10 . The unmodified background appears as red. The models which provide a better fit appear more yellow/green and correspond to the better fits to the sound-speed profile in figure 6. Models that predict a convective zone depth within 2σ of the observed value typically produce sound-speed profiles that alleviate the larger discrepancy at around 0.65R in the soundspeed profile, including all of the best fit models to the sound-speed profile in figure 7 . The physical insight as to why these models are effective is therefore the same as that for the sound-speed profiles: more energy deposited in the radiative zone marginally increases the temperature gradient, causing it to exceed the adiabatic gradient at a slightly lower depth. Again, the regions of slight improvement correspond to the regions for which the energy transport in figure 3 is maximised. However, R cz is an independent observable to the neutrino fluxes. In most cases, a better R cz fit corresponds to a worse neutrino fit. Unlike the neutrino fluxes, which drop off rapidly on the borders of the non-converged regions, the best fit regions of R cz do not necessarily relate to the convergence. Therefore, the lack of convergence is more likely to be due to effects within the core, rather than in the outer regions.
Surface helium abundance
An additional property that can be extracted from helioseismic analysis is the abundance of helium in the solar convective envelope. Second ionization of helium occurs in a localised region of the Sun, around R = 0.98R , and causes a sharp depression in the so-called adiabatic index Γ 1 = ∂ log P ∂ log ρ ad . Oscillation frequencies are sensitive to both the location and amplitude of this depression, and from the latter the abundance of helium can be extracted. Convective mixing in the solar convective envelope occurs on time scales of the order of a month, much shorter than the time scales over which the solar structure is altered. The mixing ensures that the convective envelope is chemically well mixed and the surface, or photospheric, helium abundance matches the one extracted from helioseismology.
As already discussed, one of the effects of including energy transport due to the presence of dark matter in solar models is to decrease the temperature in the solar core, where nuclear energy is released. If this were the only change in solar models, then the integrated nuclear energy release would be lower as well, as a consequence of the cooler core. However, solar models are forced by construction to match L . Therefore, a decrease in the core temperature is accompanied by an increase in the hydrogen content of the core such that the integrated nuclear energy release reproduces L . The lower initial helium in the models is then propagated to the present day surface helium abundance. Values in table 1 show that the different dark matter models lead to a reduction of the surface helium abundance in the range 1-2%, comparable to about 1σ of the total error budget. The implication is a slightly worse agreement between the helium abundance of dark matter models and helioseismology, but it is a change that is overcome by the much larger improvement seen in other helioseismic diagnostics.
Total likelihood
We construct a total combined likelihood from the two neutrino fluxes, convective zone radius, surface helium abundance and frequency separation ratios. All four sets of observables are independent, so the combined χ 2 value is defined as
(4.5) with the uncertainties taken from each of the measurements [66] . The sound speed profile is not included as it is correlated with the small frequency separations. The total χ 2 is plotted in figure 11 . The likelihoods for each of the models which best fit χ 2 total are presented in table 1. For the electric dipole model, the best fit is the same as the fit to the sound-speed profile and small frequency separations. For the magnetic dipole and anapole models, the best fit parameters differ slightly from the best fit to the sound-speed profile.
Introducing energy transport through electromagnetic dipole dark matter improves the combined likelihood compared to the SSM with no dark matter. The reduced neutrino fluxes are offset by the improved frequency separation ratios, in particular for the electric dipole and anapole models. The best fit parameters for each model are displayed in table 1. Every one of the electromagnetic dipole models outperforms both the SSM and constant-cross section spin-independent dark matter. In particular, electric dipole and anapole models are favoured. Note, however, that the best-fit models typically occur for small masses, where the impact of evaporation is likely to be most pronounced. The beryllium-7 neutrino flux is in units 10 −6 cm −2 s −1 , the boron-8 neutrino flux is in units 10 −9 cm −2 s −1 and the convective zone radius is in units R . χ 2 r represents the likelihood of the small frequency separations defined in eq. (4.4). The total χ 2 value is defined in eq. (4.5).
Discussion
The prospect of solving the discrepancies in the SSM by introducing specific models of dark matter is promising, yet major issues remain. In particular, a model of dark matter with an anapole moment of 1 GeV −2 and mass 3 GeV can modify the sound-speed profile to agree with the helioseismological observations. The magnetic dipole model performs comparably well to the constant cross section model, and both are a significant improvement over models without dark matter.
However, significant problems remain. The favoured models are well within the exclusion regions of all direct detection, beam dump and collider experiments that have reported constraints on electromagnetic dipole dark matter [70, 80, 85] . For example, the upper bound on the anapole moment and magnetic dipole momnet are ∼ 10 −4 GeV −2 and 10 −4 µ p , considerably lower than that required by our simulations. It is therefore difficult to reconcile our results with the direct detection limits.
The implication is that, even though the model is excluded, it is correctly replicating a potential set of physics that could explain the discrepancies in the Standard Solar Model. Other problems also arise; the strong agreement of standard models with observed neutrino fluxes is weakened, and the surface helium abundance is not corrected. Also, generous assumptions have also been made on the number of dark matter particles within the Sun. Both the annihilation and evaporation of particles in and from the Sun have been neglected. Both processes reduce the number of particles within the Sun, and thence any effect on the solar physics. In particular, evaporation is expected to significantly deplete the solar dark matter population for dark matter masses less than ∼ 4 GeV, precisely where the best fit results lie. Nevertheless, the results here show that it is possible to find a coherent solution; whether through a lighter particle, alternate interaction or equivalent astrophysical process.
One past investigation has analysed the effect of magnetic dipole dark matter on the Sun. Ref. [86] used helioseismology to exclude models with a magnetic dipole moment greater than 1.5×10 −3 µ p . However, the energy transport formalism used, based on the work of ref. [15] , has been shown to be incorrect [66] . Ref. [86] integrates the differential cross section in eq. (2.5) and proceeds assuming a constant cross section proportional to the dipole moment. We have implemented the momentum and velocity-dependent components of the cross section using the thermal diffusivity α and the thermal conductivity κ; the calculation of each depends on the functional form of the differential cross section, leading to significantly different energy transport than assumed in ref. [86] . In addition, anapole dark matter has not previously been confronted with constraints from solar physics, although the electric dipole moment is equivalent to the q −2 -dependent generalised example considered by refs. [66, 67] . Because the introduction of dark matter in general improved the overall fit to solar observables compared to the SSM, we cannot place new exclusion bounds on the parameter space. Also, a large area of the parameter space, especially where the rate of energy transfer was not maximised, provided no overall improvement to the observables. In these cases, any change was too minor to be observed. In some rare cases, the overall fit was weakened, but such regions are too small to make general statements about new exclusion bounds.
There are a number of ways that the result can be extended to improve precision, accuracy and viability. Removing the assumptions relating to evaporation is an obvious first step. A theoretical framework does exist for evaporation [25, 28] , but has not yet been modified to account for momentum and velocity-dependent dark matter. The annihilation is only a function of the dark matter density profile and can also be included. It would serve to deplete the dark matter population and weaken any observed effect. There have also been suggestions in the literature of ways to modify the capture rate, which may improve the viability of the magnetic dipole and spin-independent models, where the energy transport for small interaction strengths is obstructed by an unsaturated capture rate. For example, self-interaction can lead to considerable enhancement [136, 137] , as dark matter particles could be captured by nuclei as well as dark matter already present in the Sun.
There is a strong dependence of the capture rate on the velocity distribution of the dark matter halo [26, 138] . The properties of the halo are one of the largest uncertainties in the measurement. A halo-independent calculation is particularly interesting for magnetic dipole and anapole dark matter, given that refs. [80, 139] suggested that both models could explain, albeit with some tension, both positive and negative direct detection experiments under the assumption of a modified halo.
Conclusions
We have developed the formalism required for incorporating dark matter with an electromagnetic dipole moment into the Sun. Dark matter with electric, magnetic and anapole moments can occur where the spin couples to an electric field, magnetic field and electromagnetic current respectively. To incorporate each model into the Sun requires a description of the capture rate and energy transport. The effect can be parametrised in terms of the shape of the dark matter distribution within the Sun, and the energy carried by the dark matter. Simulations with the DarkStec code showed that it is possible to alleviate problems with the sound-speed profile, small frequency separations and convective zone radius by introducing electromagnetic dipole dark matter, but at the risk of creating conflict with the neutrino fluxes. Magnetic dipole and anapole dark matter both improve the total likelihood fit to the solar observables, but the required dipole moments are excluded by direct detection experiments [68-75, 77-80, 83] . Overall, it seems unlikely that dipole moment dark matter can solve the discrepancies between solar models and helioseismology alone, at least in the regime where evaporation can be neglected.
